Some arguments are given, related to the apparent universality with which Bloch's famous T 3/2 -law is not only found in d=3-dimensional ferromagnetic systems, but also in lower dimensions. It is argued that • one should not simply apply the usual isotropic dispersion relation ω( k) = D · k 2 known to almost everyone but only valid for circular precession of the spins (i.e. where only the exchange interaction is taken into account), but instead one should consider also the other interactions and use the less-known relation ω( k) = ω a ( k) · ω b ( k) for elliptical precession,
Introduction
This is some kind of 'discussion letter', i.e. a personal communication not intended for publication, but directly sent to few people interested in the problems related to the temperature dependence of the magnetization, i.e related to the famous Bloch's T 3/2 -law and generalizations thereof. The author simply hopes that some of the addressees just might read this text and communicate their questions, critique, and/or insights (also simply by e-mail) to him or perhaps to each other.
The letter grew out of discussions following a recent presentation of certain experimental results in our institute, [1] , and although I do not think that the considerations presented below are worth being published, some of the participants of those discussions suggested that I should write down what I think. So here I do so, just hoping to broaden and intensify the discussion in this way.
Bloch's law
According to this law, the temperature dependence of the magnetization M s (T ) of a bulk 3-dimensional ferromagnet is simply given by
because each excited magnon reduces the magnetic moment of a ferromagnetic sample by 2 Bohr magnetons.
Here T is the Kelvin temperature, β = (k B T ) −1 , where k B is Boltzmann's constant, k is the wavenumber, and BZ the Brillouin zone. For the excitation energy ǫ( k) of a 'magnon' in an Heisenberg ferromagnet (and also in itinerant ferromagnets where the spin-orbit interaction, and also the Stoner excitations, are neglected against the collective magnon-like spin excitations) one simply has (for simplicity we assume cubic symmetry): ǫ( k) = D · k 2 , where D is the so-called spin-wave stiffness. Therefore, by the substitution x := βD · k 2 and the replacement d 3 k = 4πk 2 dk one gets the famous result
For Anderson's "poor man", instead of the usual derivation, one can also give the following simple argument: exp βDq 2 − 1 is approximated for long enough wavelengths and/or high enough T by the 'quasi-classical thermal-energy approximation' βD ·k 2 , so that one sim-
Here ′ π/a ′ represents a (very large) wavenumber-cutoff corresponding to the upper edge of the Brillouin zone, which is replaced by a sphere as in typical renormalization group arguments. But it would be wrong, if at this place one would perform directly the integration (after having made the above-mentioned quasi-classical approximation leading to the 'thermal energy prefactor' ( k B T D )); instead, one gets the correct P hsR(T ) by a Pippard-type argument, i.e. simply by equating the dominating energy-resp. temperature-ranges:
i.e. a pronounced elliptical precession instead of the circular one. E.g., if one is dealing with a film of infinite extension in the x-and ydirections, with finite thickness in the z-direction, then -if the film is magnetized in the x-direction, spin-wave deviations in the z-direction are strongly disfavoured energetically, due to the demagnetizing field
is the effective anisotropy energy corresponding to the demagnetizing field). In contrast, spin deviations in the y-direction would not be disfavoured, i.e. ǫ a ( k) ≡ ǫ y ( k) = D · k 2 , as before.
As a consequence, for
This change of the spin-wave dispersion at small wavenumbers by the magnetostatic fields was already noted years ago by an early paper of P. Bruno, [2] , who stated (among other things) that exactly in this way the famous Mermin-Wagner theorem (which says that in the Heisenberg model there cannot be magnetic long-range order in d=2 dimensions) is invalidated by a 'cut-off effect' related to the magnetostatic interactions, which are not considered in the Heisenberg model, [3] . However, note that for the existence of an elliptical precession and of the planar uniaxial anisotropy, we do not need in principle a finite thickness of the magnetic film, i.e. it can also just be a monolayer.
So I suggest that in planar systems (magnetized 'in the plane' by the simultaneous influence of the exchange interaction and an effective in-plane uniaxial anisotropy), M s (T ) should behave as
Here one expects a similar 'quasi-classical thermal-energy factor'
In this formula, the changes of the exponents of the nominator and of the denominator, both exponents changing from 2 to 1, result (for the denominator) from the fact that for k 2 · l 2 exch < ∼ 1 the exponent in the dispersion relation has changed fom 2 to 1, whereas the change in the nominator comes from d 2 k ∼ k 1 dk. But thermodynamically, the dominating modes are spin waves with ǫ( k) = Dk 2 , since for k 2 l 2 exch > ∼ 1 one gets this quadratic dispersion, and so P hsR(T ) should once more be proportional to ( k B T D ) 1 2 , i.e. also P hsR(T ) is essentially unchanged. As a consequence, one has again Bloch's T 3/2 -law: M s (T ) = M s (0) − const ′′ . × T 3/2 (although probably with a different constant).
In any case, it would again be wrong 1 to replace our simple scaling arguments by a direct integration, which would lead to the Döring-type behaviour, [4] 
i.e. to M s (T ) = M s (0) − const. ′′′ × T · ln T T 0 , where T 0 is a constant temperature unit. As far as I know, this has never been observed.
3 Is all this related to quantum phase transitions ?
Obviously, the detailed behaviour earns a more thorough study; actually, there is also the recent thorough analysis of an extremely large set of experimental results by U. Köbler, [5] , which leads to an apparently universal classification for the behaviour of M s (T ), although the arguments look quite complicated. The universality of the classification reminds to second-order phase transitions (i.e. for thermal phase transitions there is the well-known 'Griffiths Universality Hypothesis', [6] ). But since here the universality is in the low-temperature scaling, and not in the scaling in the vicinity of the Curie temperature, the 'Griffiths universality' does not apply, and one is probably dealing with 'Quantum Phase Transitions', i.e. one is in the finite-temperature region of a weakly unstable 'quantum fixed point' and should consider the flow-lines in a diagram joining that 'quantum fixed point' and the thermal 'Curie' fixed point (see the Appendix). According to the recent book of S. Sachdev, [7] , in this finite-T-region one should have a very wide range of scaling behaviour, which would explain the wide range of applicability of Bloch's law. The experimental analysis of Köbler is additionally remarkable because of the fact that his generalized 'Bloch's law exponent' 2 depends on whether the spin-quantum number s of the magnetic atoms is integer or half-integer. In a quasi-classical approximation this distinction makes no sense, but in the context of a quantum phase transition it does. E.g. for an atom with half-integral spin a change m → (m − 1) would correspond to the flipping of a spin (e.g. s = 1/2), or for s = m ≥ 3/2 to an essentially continuous reduction of the local magnetization, whereas for integer spins, e.g. s = 1, the change, e.g. m = 1 → m = 0, might correspond to perfect vanishing of all local magnetic properties 3 .
As a consequence, one should re-consider the behaviour of M s (T ) in the context of renormalization-group flow lines of quantum phase transitions. Perhaps, in this way one can better understand and unify the Bloch-like behaviour in thin films and related (patterned) nanostructures, also for more complicated models as those advocated by U. Köbler, by simple scaling laws for various classes of models, arising from such an approach. segment T > T * of the flow line.
